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A QUASIREGULAR ANALOGUE OF A THEOREM
OF HARDY AND LITTLEWOOD

CRAIG A. NOLDER

ABSTRACT. Suppose that f is analytic in the unit disk. A theorem of Hardy and
Littlewood relates the Holder continuity of f over the unit disk to the growth
of the derivative. We prove here a quasiregular analogue of this result in certain
domains in n-dimensional space. We replace values of the derivative with a
local integral average. In the process we generalize a result on the continuity
of quasiconformal mappings due to Nakki and Palka. We also present another
proof of the relationship between the growth of the derivative and quasiregular
mappings in BMO.

Hardy and Littlewood prove the following result in [9, p. 426, Theorem 40
and p. 427, Theorem 41). (See also [4, p. 74].)

1.1. Theorem. Suppose that f is analyticin D={z||z|<1} and 0 <a < 1.
If there exists a constant C; such that

(1.1) 1f'(2)] < Ci(1 = |z])*!
forall z€ D, then f has a continuous extension to D = {z | |z| < 1} and
(1.2) 1f(z1) = f(z2)| £ Co|z1 — 22|*

forall z\, z; € D and some constant C, which depends only on C; and «.
Conversely, if there exists a constant C, such that (1.2) holds for all z,, z; €
D, then (1.1) holds for C, depending only on C, and o.

The main result of this paper generalizes a quasiconformal version of Theo-
rem 1.1, due to Astala and Gehring [1, Theorems 1.9 and 3.17] to a quasiregular
version (Theorem 1.2) involving a somewhat larger class of moduli of continuity
than 1, 0<a<1.

We assume throughout that Q C R” is an open connected set whose bound-
ary, 02, is nonempty. Also B(x, R) is the open ball centered at x € Q with
radius equal to R > 0 and d(x, dQ) is the Euclidean distance between x and
0Q. If B C R" is a ball, then B, o > 0, denotes the ball with the same
center as B and with radius equal to ¢ times that of B. When E C R", |E|
denotes the n-dimensional Lebesgue measure of E and E its closure in R”.
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When f: Q — R" is differentiable, we denote its Jacobi matrix by Df and
the norm of the Jacobi matrix as a linear transformation by |Df|. When Df
exists a.e. we denote the local Dirichlet integral of f at x € Q by

1/n
1 n
Dy(x) = (W /B N ) .

Here B = B(x, d(x, 8Q)). When the measure is omitted from an integral, as
here, integration with respect to n-dimensional Lebesgue measure is assumed.

A continuous increasing function A(z): [0, co) — [0, co) is a majorant if
A(0) =0 and if A(t; + 1) < A(t)) + A(tp) forall ¢, >0.

Lip,-extension domains are a wide class of domains discussed in §3. Quasi-
regular mappings are discussed in §2.

We prove the following result in §4.

1.2. Theorem. Suppose that [ is K-quasiregular in a Lip;-extension domain
Q. If there exists a constant C, such that

AMd(x, 8Q))

(1.3) Dy(x) < C d(x, 00)

forall x € Q, then f has a continuous extension to Q and
(1.4) |f(x1) = ()] £ GA(Ix1 — x2| +d(x1, 0Q))

for all x|, x, € Q. Here C, is a constant which depends only on C,, K, n,
A and Q.

Conversely if there exists a constant C, such that (1.4) holds for all x,, x; €
Q, then (1.3) holds for all x € Q with C, depending only on C,, K, n, A
and Q.

If f is analytic and if A(¢) = =, then the conditions (1.1) and (1.3) are
equivalent.

Simple examples show that the term d(x;, Q) cannot in general be omitted.
For example f(x) = x|x|*~! with a = K=" js K-quasiconformal in B =
B(0, 1), Dy(x) is bounded over x € B yet f € Lip,(B) (see [1, Remark
3.12]). However, by suitably modifying a theorem of Nakki and Palka [13] to
the quasiregular case, we obtain the following result.

1.3. Theorem. Suppose that f is K-quasiregular in a Lip,-extension domain
Q where A(t) =t* and 0 < a < K'/(-1),
If there exists a constant C, such that

(1.5) Df(x) < Cid(x, BQ)"“
forall x € Q, then f has a continuous extension to Q and
(1.6) |f(x1) = f(x2)] £ Go|xy — x2|*

forall x;,x,€Q.
Here C, depends onlyon C,, K, n, a, and Q.

The converse follows from Theorem 1.2.
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In the case that f is quasiconformal, Astala and Gehring prove Theorem 1.2,
with A(f) = t*, and Theorem 1.3 with the operator as(x) in place of D/(x)
[1, Theorems 1.9, 3.17, and 3.13]. Here, with B = B(x, d(x, 8Q)),

1
as(x) = exp {m/Blong}

where J; is the determinant of the Jacobi matrix Df. When f is quasi-
conformal, logJ; is integrable over each ball B Cc Q. If n =2 and f is
conformal, then logJ, is harmonic and as(x) = |f'(x)|. When f is quasi-
conformal as(x) and Dy(x) are equivalent (Lemma 2.7) and because of this,
Theorems 1.2 and 1.3 reduce to the results in [1]. As the example z" shows, the
ratio Dy(x)/as(x) may depend on the local topological index and is in general
unbounded for quasiregular f.

We also prove a result corresponding to Theorem 1.2 in the case a = 0.
Although Theorem 1.4 follows from a result of Vuorinen [18, p. 104, Theorem
4.29] the proof given here is similar to the proof of Theorem 1.2.

If f=0f, f2,..., fn): Q— R", then we write, with B = B(x, d(x, 0Q)),

I/n
1 n
D (x) = (W /B IV ) .

We write ||f]|. for the BMO norm of f over Q (see §6).

1.4. Theorem. Suppose that f = (f1, fo, ..., fn) is K-quasiregular in Q. If
there exists a constant C, so that

(1.7) ij(x)sCld(x,BQ)"
for some 1< j<n andall x € Q, then
(1.8) Ifills < C2 < 00

where C, depends only on C,, K, and n.
Conversely, if (1.6) holds for some constant C, and some 1 < j < n, then
(1.5) holds with C, depending only on C,, K, and n.

Theorem 1.4 gives a simple proof of Corollary 3 in [10, p. 280], which states
that the BMO-norms of the components of a quasiregular mapping are equiva-
lent.

2.1. Quasiregular mappings. We denote by W,!(Q) the Sobolev space of func-
tions f: Q — R™ which are L"-integrable over Q and have L"-integrable
distributional first derivatives over Q. Wnl,m(g) = N W, (Q') where the inter-
section is over all Q' compactly contained in Q.

2.2. Definition. A function f: Q — R" is K-quasiregularin Q C R", 1 <
K < o0, if
(a) f € Wnl |oc(Q) ’

(b) |Df|"/f(' <Jy <KI(Df)" ae.in Q where I[(Df) = inf{|Dfs|||s| = 1}.

When n = 2, f is l-quasiregular if and only if it is an analytic function.
A homeomorphism in R” is quasiregular if and only if it is quasiconformal in
the usual sense. For information on quasiregular mappings see [3, 12, and 20].

We list here some preliminary results.
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2.3. Proposition. Suppose that B C R" isa ball and s > n. If f € W}(B),
then there is a constant C, depending only on n, such that

1/s
@) 11e) = Sl < 181 ([ o)

forall x\,x,€B.
A proof of Proposition 2.3 can be found in [3, p. 268, Lemma 1.7].
2.4. Proposition. If /€ W,(B), where B C R" is a ball, then

(2.2) (ﬁ [1r- m’*)”” < 2diam B (ﬁ / IDfI") "

Here diam B is the Euclidean diameter of B and fg is the average value of f
over B.

This result is a special case of Lemma 1.5, p. 266, in [3].

Proposition 2.5, which appears in [3, p. 285, Theorem 5.1], shows that Propo-
sition 2.3 can be applied to quasiregular mappings. For quasiconformal map-
pings Proposition 2.5 is due to Gehring [7, p. 274, Theorem 1].

2.5. Proposition. If f is K-quasiregular in Q, then there are constants, s > n
and C < oo, which depend only on n and K, such that f € W}! _(Q) and

s, loc

(2.3) ([ |Df|S)1/S < ca(r, o0 ( [ IDfI”)l/n

Jor all compact sets F C Q. Here d(F , Q) is the Euclidean distance between
F and 0Q.

A proof of the next result can be found in [10, p. 277, (5.3)].

2.6. Proposition. If f = (fi, f2,..., fn) is K-quasiregular in Q and if B is
a ball with 6B C Q, g > 1, then there exists a constant C, depending only on
n, such that

s (o) zeng ()

forall aeR andall j=1,2,...,n.

The following lemma shows that Theorem 1.2 is equivalent to the result
of Astala and Gehring [1, Theorems 1.9 and 3.7] if f is quasiconformal and
At) =1t>.

2.7. Lemma. If f is K-quasiconformal in Q, then there exists a constant C,
which depends only on n and K, such that

2as(x) < Dy(x) < Caylx)

forall x € Q.

Proof. Since f is quasiconformal, |logJy|l. < oo [15, p. 261, Theorem 1].
The John-Nirenberg Theorem [15, p. 260, Lemma 1] and [5, p. 230, Theorem
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2.1] implies that there exist positive constants a, b, and C;, which depend
only on n and the BMO-norm || log J/||. , so that

(2.5) (ulq / Jf)l/a <G <|%I/RJ;”)_W

for all balls R with R C Q [15, p. 263, Lemma 3]. Next, by a result of Gehring
[7, p. 271, Lemma 4], there exists a constant C, , depending only on » and K,
such that

(2.6) (& /. IDfl">]/” <& (i [ 101)

for all balls R with R c Q. It follows from Holder’s inequality (see [10,
Remark on p. 272] that we can improve the exponent in the reverse Holder
inequality (2.6) to obtain

27) (% IDfl")l/n < (i [, |Df|')l/'

for all balls R with Rc Q andall r, 0 <r <n. Fix x € Q and let
B = B(x, 1d(x, 8Q)). Using the dilatation inequality Definition 2.2(a), (2.7)
with r = na and (2.5) we obtain

1/n 1 1/(na)
n < — na
<|B|/'Df'> < (i [ o)
Un 1 . 1/(na) c 1 b —1/(nb)
<o ) <ol o) "
* 1Bl Js ™/ *\iBl Js™/

From Jensen’s inequality for convex functions [5, p. 34] we obtain

1 -1/b
2.9 (—/ J‘b) exp( lo J).
(29) 2B] )t 2B] )5 87

If ||u||. < oo and By and B, are balls with By C B; C Q, then

1 ( | Bol )
— U— — log i — + 1) ||ul«-
1Bol J5, 1Bl J, 1B, T1) I

See Lemma 5.10 in [2]. Combining (2.8) and (2.9) and applying (2.10) with
By=B, By =2B and u =logJ; we obtain

Dy(x) < exp (2 (nlog2 + 1) longll,.,) Csas(x).
Next using the inequality J, < |Df|" a.e. and Jensen’s inequality we obtain
1
. — < .
(2.11) exp <n|B| /Blong> < Dy(x)
Combining (2.10) and (2.11),
as(x) < exp (- (nlog2 + il log Jyl. ) Dy (x).

3.1. Lip,-classes and Lip,-extension domains. Suppose that f: E — R™,
E C R". If there exists a constant C such that

(2.8)

(2.10) u

(3.1) |/ (1) = f(x2)| < CA(|x1 = X2)
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forall x;, x, € E, then we write f € Lip,(E). We denote the smallest such C
by || fllz- If A(t) = t* we write Lip,(E) and | f]|.. If there exists a constant
C such that

(3.2) If(x1) = f(x2)] < CA(lxy — xa| +d(x1, 0Q))

for all x;, x; € E, then we write f € Lip;(E) and denote the smallest such C
by | fll;. We similarly define Lip,(E) and | f||%.

If (3.1) holds for all x;, x; € Q with |x; — x3| < %d(xl, 0Q) we write
f € locLip;(Q) and || f||z 10c- Similarly for (3.2) we write f € locLip;(Q)
and [|f} jc- In [11, Theorem 2.17] Lappalainen shows that if (3.1) holds
whenever |x; — x3| < ad(x;, 0Q) for some a <1, then f €locLip;(Q). The
proof shows that a similar result also holds for locLip;(Q).

3.2. Definition. Q C R" isa Lip,-extension domain if f € Lip;(Q) whenever
f € locLip;(Q). In other words there exists a constant b such that | f||; <
bllflla,10c Jor all f:Q— R™.

A domain Q isa Lip,-extension domain if and only if there exists a constant
M such that each pair x;, x; € Q can be joined by a continuous curve y C Q
which satisfies

Ad(y(s), 09))
(33) /;,st < Mﬂ-(lxl —)Ql)

(see [11, p. 23, Theorem 4.2]). Here ds is the element of arclength. These
domains were first introduced by Gehring and Martio in the case that A(f) =
t* and called Lip,-extension domains. For certain A(¢), the class of Lip;-
extension domains is large. All uniform domains are Lip,-extension domains
if and only if there is a constant 4 such that

/JMdtgAz(a)
0o !

forall 0 < § < oo (see [11, p. 28, Theorem 4.17] and [8, p. 204, Theorem
2.2]. In particular, if A(¢) = t*, all balls, half-spaces and quasiballs are Lip,-
extension domains forall 0 <a<1.

3.3. Lemma. If Q is a Lip,-extension domain and if f € locLip;(Q), then
f € Lip}(Q).

The proof is similar to the proof of the characterization of Lip,-extension
domains in [8] and Lip;-extension domains in [11]. We include the proof here
for completeness.

Proof. Fix x;, x, € Q and let y be a curve joining x; to x, in Q which
satisfies (3.3). Choose balls B(y;, r;) = {x||x — yi| < ri} as follows. Set
Yi =Xy, r = 1d(y,0Q) and /; = max{s € [0, /]| 7(s) € B(y1, r1)} where
! is the length of y. Suppose that y;, r; and /; have been chosen for i =
1,2,...,k and I <. Set yp1 = (), Ter1 = 2d(Vky1,0Q) and iy =
max{s € [0, []|y(s) € BVk+1, Tx+1)} - When [, = [, the process stops and we
write yi, 1 = X -
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First suppose that |x; — x| < vk — Vk+1] = [V —x1|. Then |x; — x3| <
1d(yx, 0Q). Hence

d(x1,0Q) 2 d(yi, 0Q) — |x1 — y| 2 3d(yx, 0Q)
and so |x; — x2| < 1d(x;, 8Q). Since f € locLip;(Q),
|f(x1) = fOe)l S NS113 10cA(X1 = x2| + d(x1, 09)).
Hence we can suppose that

(3.4) Vi = Y1l < X1 — x2).
Next

k
1f(ar) = fFO)l < DI i) = fien)]
(3.5) =

k
SN e 3 AY: = Yirtl +d(vi, OQ)).

i=1

Let [p =0 and set 4; = {s € [li_1, ;]| y(s) € B(y;, r;)} for i=1,2,...,
k—1. A; C[li-y, ;] is a closed set and |4;| > r; = |y; — yi+1|. Here |4;] is
the one-dimensional Lebesgue measure of A4;. Also for each s € 4;,

d(y(s), 0Q) <|y(s) = yil +d(yi, 0Q) < ri + 4r; = 5r;.
Hence, since A(t)/t is decreasing,

MSm) _ SMA((s), 99)
s d0G), 09)

when s € 4;. Using (3.5), (3.4), (3.6), and (3.3) we obtain

(3.6)

k
1f(x1) = £ < N3 1oe 9 AUYi = Yisr] + d(i, 0R))

i=1

k—1

< ANZ 1oc {El(Slyi —YVir1]) + Ak = Vel +d (Vi 69))}
i=1
k—1

<1115 e {Z e

i=1

il +AQ2)x — x2| +d(x1, 60))}

<171 e {52 [ HEGE) ) ds 4 2403 - xal + d(xi, am)}

< SIf1, e { | Sy de-+ A =l +d(x1, 02) |

< SMISI; ooM(1x1 — x| +d(x1, 9Q).

4.1.. Proof of Theorem 1.2. First suppose that (1.3) holds for all x € Q. Since
f is K-quasiregular there exists s > n, depending only on n and K, such that
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feW! Q). Fix x1,x € Q with |x; — x|

with B = B(x, 1d(x, 8Q)), and (2.3) with F

1/s
10 = Sl < 5= B ([ D)

I/n
< Ci(n, K) (/wlDfl")
< Ci(n, K)Ca|xy — x2|Dys(x1)

< 4Cl(n ’ K)CZ)'(d(xl ) 89))
< 16Ci(n, K)CA(|x1 — xal).

1d(x1, 0Q). We apply (2.1)
=B and Q = 2B to obtain

Now assume that |x; — x2| < }d(x;,0Q). Let R, = 1d(x,,0Q) and
Rz = %d(XZ,(I)Q). Now R2 < R1 + %|X1 —)C2| < %Rl and Rz > R] —
$lx1 — x2] > Ry — |x; — x2|. Hence there exists a point x3 with x3 €
0B(x1, R;) NdB(xz, Ry). So we obtain |f(x;) — f(x2)] < |f(x1) — f(x3)| +
|/(x2) = f(x3)] < C(A(Jx1 — x3]) + A(|]x2 — x3])) by applying (4.1) to the pairs
X1, X3 and x,, x3. It follows that

|/ (x1) — f(x2)l < C(Ad(x1, 0Q)) + A|x1 — X2| +d(x1, 0Q)))

and so f € locLip;(L2). Since Q is a Lip,-extension domain it follows from
Lemma 3.3 that f € Lip;(€). Next if xo € 9Q and {x;} is a sequence in Q
with lim;_, x; = xo we have

[f(x;) = f(xi)| < CAlxj = xi| +d(x;, 0Q)).

Hence f tends to a well-defined limit at x( and (1.4) is satisfied for all x;, x; €

Q.
Next suppose that (1.4) holds for all x;, x, € Q. Fix x € Q. We apply
(2.3) with B =B(x, 1d(x,0Q)), 0 =3 and a = f(x) to obtain

1/n
Ci(mK [ 1 n
(4.1) Dy(x) < a0x, 00) (W /33/2 |f = f(x)] ) -

Using (1.4) we get

1 I/n 3
(4.2) (W /w/z =1 (x)'"> <7 (yé?lﬁ’/z'x‘y'”(x’m))

< %A(Za’(x, aQ)) < 34(d(x, 0Q)).

(1.3) follows by combining (4.1) and (4.2).

5.1. Proof of Theorem 1.3. We use the following definitions and results. A pair
of sets E = (4, C) in R" is called a condenser when A4 is open and C C 4
is compact. The condenser E is bounded if A is bounded. Its conformal
capacity is defined by

capE=inf/ |Vul
u Jpn
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where the infimum is taken over all infinitely differentiable # in A with com-
pact support in 4 and u(x) > 1 for x € C. If follows from the definition that
if A/ Cc A and C c C’, then

(5.1 cap(4, C) < cap(4’, C').

For more information concerning condensers see [12, pp. 24-28; 20, pp. 81-
102 and 17]. We next define the spherical symmetrization, E*, of an open
or closed set £ C R", about the ray L = {t£{|0 <t < o0, ¢ some point of
0B(0, 1)} as follows. We let S"~!(r) = 9B(0, r). We call sets of the form
By, p)nS"~1(r), with y € " (r) and 0 < p < oo, caps of S""!(r). We
define E* by the conditions:

@, if and only if S""!(r)NE =@,
S57=1(r), if and only if S"~!(r) C E.
Otherwise, S"~!(r)N E* is the cap of the sphere S"~!(r) such that

(i) the center of the cap is the point S"~!(r)n L.
(i) mu_ (S (r)NE*) = m,_(S*"(r)NE). Here my,_, is the (n— 1)-
dimensional Hausdorff measure on S$"~!(r).
(iii) the cap S"~!(r)NE* is open or closed according as E is open or closed.

Here 0 < r < co. For the following result see Gehring [6, p. 505, Theorem 1]
and Sarvas [17, p. 522, Theorem 7.5].

SN NE* = {

5.2. Theorem. If E = (A, C) is a condenser let C* be the spherical sym-
metrization of C about the negative x;-axis and A* = R"\B where B is the
spherical symmetrization of R"\A in the positive x;-axis, then (A*, C*) is a
condenser and

cap(A*, C*) < cap(4, C).

Theorem 1.3 follows from Theorem 1.2 and the next result. The quasiconfor-
mal version of Theorem 5.3 appears in Nikki and Palka [13, p. 379, Theorem
1]. Our proof is similar to their proof.

5.3. Theorem. Suppose that f is K-quasiregular in Q C R" and continuous
on Q. If there exist constants a,0 < a < KY1="  and C; < oo such that

(5.2) If(x) =Sl < Cilx =y

forall x € Q and y € 0Q, then f € Lip, (Q) with | f|l. depending only on
Ci, n, K, and a. If Q is bounded and (5.2) holds for some 0 < a < 1, then
f € Lipg(Q) with B = min(a, K1),

Proof. Assume that f is not constant. Fix x and y with f(x) # f(y). First
suppose that |x — y| > 1d(x,8Q). Choose z € dQ such that |x — z| =
d(x,0Q). Using (5.2) we obtain

1f(x) = FWI < 1) = F(2) + 1S ) - f(2)] < 67Cilx =y

Next suppose that |x — y| < d(x,0Q)/2. Let B = B(x, d(x, 0Q)/2) and
C =B(x, |x—y|). Then E = (B, C) is a bounded condenser with capacity

d(x, Q) ) I=n
2x -y '

(5.3) capE = w,_ (log
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Here w,_; is the (n — 1)-dimensional measure of dB(0, 1). Since f is
quasiregular and nonconstant, f is continuous and open in Q. Hence F =
(f(B), f(C)) is a bounded condenser in f(Q) and 8f(B) C f(8B). Since
f(B) is bounded, R"\ f(B) contains a, necessarily unique, unbounded compo-
nent C,, with 0C,, # @. Let £ € C, . Since 0Co, C f(B), & € 0f(B).
Since 9 f(B) C f(0B), there is a point z € dB such that f(z) = £. Hence
f(x), f(y) € f(C) and f(x)# f(y), while f(z) € C» . Now the capacity of
F is preserved under a similarity transformation 7. With f = Tof weassume
that f(x) =0 and f(y)=(-1,0,...,0) = —¢, . Next let f(C)* be the spher-
ical symmetrization of f(C) about the negative x-axis and f(B)* = R"\D
where D is the spherical symmetrization of R"\ f (B) in the positive x;-axis.
By Theorem 5.2

(5.4) cap(f(B)", f(C)*) < cap(f(B), f(C)).

We denote by Ry(t) the Teichmiiller condenser (R"\L,, L;) where L, is the
line segment from —e; to 0 and L, is the ray on the x;-axis from fe; to oo.
If t=|f(z)|,then L, C f(C)* and f(B)* C R"\L,. Hence by (5.1)

(5.5) cap Rr(|f(2)]) < cap(f(B)*, f(C)").

We also have the following lower bound for the capacity of the Teichmiiller
condenser (see [6, p. 518, Lemma 8 and 20, p. 89, Lemma 7.22]).

(5.6) cap Ry (1) > w,_y[logA(t + 1)]'~".

Here A is a constant which depends only on n. Moreover since f is K-
quasiregular in Q

(5.7 capF < KcapE

[12, p. 29, Theorem 7.1]. Notice that |f(z)| = |f(z) — fO)/If ) — f(x)].
Combining (5.6), (5.5), (5.4), (5.7), and (5.3) we obtain

1£(2) = F)IN] " PPN
. g2 (1+ AL < cantis. (0
. 1—-n
— cap(f(B), £(C)) < Kwon_, [log %] .

Next choose xg € Q such that |x — xo| = d(x, Q). We have the estimate
lf () = FO)l +1f(2) = f(x)]
(5.9) < Ci(2x0 — x|* + |z = xo|* + [y — x0|*)
<6Cd(x, 0Q)*.

Using (5.9) we can rewrite (5.8),
1f(x) = )| < 6AC1 2% d(x, 8Q)*|x — y|*

where o/ = K'/0=" If a < o/, then since |x —y| < d(x, Q)/2 we have f €
Lip,(Q). Otherwise, if Q is bounded, then f € Lip, (Q) since d(x, dQ) <
Euclidean diameter of Q.

Theorem 5.3 also gives the following.
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5.4. Corollary. If f is K-quasiregular in a bounded domain Q C R" and if

(1.5) is satisfied for all x € Q with 0 < a < 1, then f € Lipg(Q2) where
B = min(a, K1/(1-m),

5.5. Remark. Because the components of a quasiregular mapping satisfy |V fi|
< K|Vfj| a.e., Theorem 1.3 implies a special case of the main result in [14, p.
705, Theorem 3.8]. Namely the components belong to the same Lipschitz class.

6.1. Bounded mean oscillation. For f: Q — R™ we denote the BMO-norm by
1
191 = sup == [ 1f = fl.
sca |Bl Jp

Here the supremum is taken over all balls B C Q and f3 is the average value
of f over B, (1/|B|) [, f. In the case that u is harmonic in Q, |lull. < oo
if and only if |Vu(x)| < Cd(x, 0Q)~! forall x € Q and consequently, if and
only if D,(x) < Cd(x,8Q)"! forall x € Q. Theorem 1.4 is a generalization
of this result. Theorem 6.2 is a special case of the main result in ([18], see
inequality (1.4)). In the case that Q is a half space, it appears in [16, p. 4,
Hilfssatz 2].

6.2. Theorem. If f:Q — R™ satisfies

1
(6.1) sup |—§|/B|f—fsl <0

2BCQ
where the supremum is taken over all balls B with 2B C Q, then | f]l. < oo.

The next result follows from the John-Nirenberg Theorem [5, p. 233, Corol-
lary 2.3 and 16, p. 32].

6.3. Theorem. If f:Q — R™,and if 1 <p < oo, then there exists a constant
C, depending only on n and p, such that

(62) (ﬁ /B /- mp)”p < Clfl.

Sor all balls B C Q.

6.4. Proof of Theorem 1.4. Assume that (1.5) holds for all x € Q. By The-
orem 6.2 it is sufficient to show that f satisfies (6.1). Let xo € Q and
B = B(xq, 3d(x9, 0RQ)) . Using Hélder’s inequality and (2.2) we obtain

1 1 tn .
57 L1 = (el < (W 15 (f,~>5|") < 2diam BD (xy).
Since diam B = d(xp, 0Q), (1.7) gives

ﬁ/ﬁm—mm <20,

and (6.1) follows.
Next assume that (1.8) holds. Applying (2.4) with ¢ =2,
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for all a € R. Choosing a = (fj)2p in (6.3) and p = n in (6.2) we obtain

Dy (x0) < Cn, B/ C,C(n, K)d(xq, 8Q)~".

T d(xo, 09)

Theorem 1.4 provides another proof of the following result which appears in
[10, p. 280, Corollary 3].

0.5.
norm

Corollary. If f = (f1, f2, ..., fn) is K-quasiregular in Q, then the BMO-
s | fille, j=1,2,...,n, are equivalent.

Proof. The operators Dy (x) are equivalent since |V f;(x)| < K|Vfi(x)| a.e.
forall i, j=1,2,...,n.

14.

15.

16.

17.

20.
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